The multiple-spiral medallions are beautiful decorations situated in the proximity of the small copies of the Mandelbrot set. They are composed by an infinity of babies Mandelbrot sets that have external arguments with known structure. In this paper we study the coupling patterns of the external arguments of the baby Mandelbrot sets in multiple-spiral medallions, that is, how these external arguments are grouped in pairs. Based on our experimental data, we obtain that the canonical nonspiral medallions have a nested pairs pattern, the canonical single-spiral medallions have an adjacent pairs pattern, and we conjecture that the canonical double, triple, quadruplespiral medallions have a 1-nested/adjacent pairs pattern.
Introduction
The Mandelbrot set M was discovered by iterating the complex logistic map z n 1 λz n 1−z n 1 . Two years later Douady and Hubbard created the external arguments theory of the M set, starting from the complex map z n 1 z 2 n c 2 . The M set can be defined as the set of c ∈ C for which the sequence c, c 2 c, c 2 c 2 c, . . . does not tend to ∞. Since the seminal paper of Douady and Hubbard, the M set has been widely studied 3-14 , also from a graphical point of view 15-17 . Recently, Wang et al. have studied the generalized M-J sets starting from the complex map z n 1 z α n c, α > 1 . They have proved the connectness of the quaternionic M set 18 and studied the structure and the dynamics of generalized M-J sets 19, 20 . They also offer a rendering method based on the escape-time to draw the M set 21 and research on the structural characteristic and the fission-evolution law of additive perturbed generalized M-J sets 22 . Finally, they modify the escape-time method and form the preperiod graphic of the generalized M set 23 and also research on the structural characteristic of the generalized M set perturbed by composing noise of additive and multiplicative 24, 25 .
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where .β * is .β 1 or .β 2 and j is the level of the BMS inside the medallion. A given level j has 2 j BMSs with 2 j 1 different binary expansions. In this paper, we will study the coupling patterns of the external arguments of the BMSs in a multiple-spiral medallion, that is, how these external arguments are grouped in pairs. We will obtain experimentally, with the computer, the coupling patterns in a lot of non, single, double, triple . . . -spiral medallions 28 , up to the BMSs of the fourth level, by computing the kneading sequences of the external arguments 9 . When this procedure fails, because more than two external arguments have the same kneading sequence, we will draw the medallion with its external rays in order to obtain the coupling pattern 32 . As is known, in this case we could also use the Bruin-Schleicher algorithm 12 . Taking into account the relatively high periods of the BMSs, the recursive Lavaurs's algorithm 6 is not useful in this case.
Coupling Patterns in the Multiple-Spiral Medallions

Symbolic Binary Expansions
Let us consider the period-4 hyperbolic component located at −0.1565 · · · 1.0322 · · · i. As is known from Douady 
2.1
Final Kneading Sequence
As is known from 9 , the kneading sequence K θ of an external argument θ is defined as the itinerary of the orbit of θ under angle doubling, where the itinerary is taken with respect to the partition formed by θ/2 and θ 1 /2. According to 9 be the symbolic binary expansions of a noncentral BMS of level j of the same medallion. It is evident that the first n − 1 digits of the kneading sequences of the external arguments of the noncentral BMS are the same. To compare the kneading sequences corresponding to the BMSs of a given level in a medallion, it is not necessary to handle all the digits of the kneading sequences because the first n − 1 digits are the same. In this paper, we will use the final kneading sequences, that is, the kneading sequences without the first n − 1 digits, where n is the period of the central BMS of the medallion.
The Coupling Problem
We name a multiple-spiral medallion by writing the pair of symbolic binary expansions 
be the eight symbolic binary expansions of the second level BMSs of a medallion. In Figure 1 , we show the resulting N 2 14 coupling patterns by joining the binary expansions of each couple with a straight line.
The number of possible coupling patterns in a given level increases very rapidly with the level. For instance, in the third level we have counted N 3 1374 coupling patterns, and
i−2 is a low limit of the number of coupling patterns corresponding to the level l.
However, in each level three patterns with a strong symmetry can be found, which we will call the canonical coupling patterns: the nested pairs pattern, the adjacent pairs pattern, 
. . and the 1-nested/adjacent pairs pattern Figure 2 . In the following paragraphs, we will locate multiple-spiral medallions with canonical coupling patterns and we will give examples with both the symbolic binary expansions and the complex coordinates of their central BMSs. Obviously, a nonspiral medallion has no spiral. However, we include them in the family of multiple-spiral medallions for two reasons. First, because they are located in the filaments of the parent, as the rest of the multiple-spiral medallions; and second, because the symbolic binary expansions of their central BMSs can be obtained in the same manner as the rest of the medallions see 28, Figure 8 .
Coupling Pattern of Canonical Nonspiral Medallions
In Table 1 the complex coordinates of some canonical nonspiral medallions are given. We have experimentally obtained the coupling patterns of the canonical nonspiral medallions of Table 1 , starting from the final kneading sequences up to fourth level BMSs. All of these coupling patterns are the nested pairs pattern of Figure 4 .
Coupling Pattern of Canonical Single-Spiral Medallions
The single-spiral medallions are known as "cauliflowers" 14, 26, 33 . In Table 2 , the complex coordinates of some canonical single-spiral medallions are given.
The coupling pattern of a single-spiral medallion cannot be obtained by using the final kneading sequences since the kneading sequences of more than two of its noncentral BMSs are the same. However, we have two new options. First, we can use the Bruin and Schleicher algorithm to find conjugate external arguments 12 . Second, we can draw the single-spiral medallion with its external rays in each level j, we have 2 j 1 external rays and 2 j 1 symbolic binary expansions and later to assign the correct symbolic binary expansion to . 
Coupling Pattern of Canonical Double-Spiral Medallions
Let us consider the gene .g 1 , .g 2 and the period-n parent .p 1 , .p 2 of a double-spiral medallion. As is known from the tuning algorithm 3 , the external rays landing at the tangent point of the cardioid of the parent with its period-2n disc have the symbolic binary expansions .p 1 Figure 7 b we can see the locations of the i 1, 2 canonical doublespiral medallions corresponding to the parent and the gene of Figure 7 Figure 7 c . In Table 3 the complex coordinates of some canonical double-spiral medallions are given.
Discrete Dynamics in Nature and Society The coupling pattern of the canonical double-spiral medallions can be obtained from the final kneading sequences. The result is the 1-nested/adjacent pairs pattern which can be seen in Figure 8 .
Coupling Pattern of Canonical High-Order-Spiral Medallions
Let us consider the gene .g 1 , .g 2 and the period-n parent .p 1 , .p 2 of a triple-spiral medallion. As is known from the tuning algorithm 3 , the external rays landing at the tangent point of the cardioid of the parent with its period-3n discs have the binary expansions .p BMS of a triple-spiral medallion. In Figure 9 b we can observe the locations of the i Table 4 the complex coordinates of some canonical triple-spiral medallions are given.
The coupling pattern of the canonical triple-spiral medallions can be obtained from the final kneading sequences. The result is again the 1-nested/adjacent pairs pattern which can be seen in Figure 8 , as in the case of the double-spiral medallions.
We have found canonical high order-spiral medallions in order to see their coupling patterns. In Tables 5, 6 , and 7 the complex coordinates of some of these medallions are given.
The coupling patterns of canonical quadruple, quintuple and 20.tuple-spiral medallions correspond once again to the 1-nested/adjacent pairs pattern of Figure 8 , similarly to the cases of the double and triple-spiral medallions. Therefore, we can conjecture that the canonical n.tuple-spiral medallions n ≥ 2 have a 1-nested/adjacent pairs pattern.
Conclusions
The coupling patterns of the canonical multiple-spiral medallions have been experimentally studied. Two experimental methods have been used to find the coupling patterns: the first one by using the kneading sequences, and the second one by using the handmade drawing of external rays and the later ordering of their external arguments.
12
Discrete Dynamics in Nature and Society Table 4 : Location of canonical triple-spiral medallions. Based on the former experimental methods, three coupling patterns are found. The canonical nonspiral medallions have a nested pairs pattern, the canonical single-spiral medallions have an adjacent pairs pattern, and the canonical double, triple, quadruple, quintuple and 20.tuple -spiral medallions have a 1-nested/adjacent pairs pattern. Taking into account this last thirst case, we conjecture that any canonical n.tuple-spiral medallion n ≥ 2 has a 1-nested/adjacent pairs pattern.
